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• Recently it has been speculated that the S-matrix elements satisfy the Ward iden- 

tity associated with the T-duality. This indicates that a group of S-matrix elements 

m : 

^ , is invariant under the linear T-duality transformations on the external states. If one 
00 ■ 

. evaluates one component of such T-dual multiplet, then all other components may be 

I independent of the Killing coordinate, however, may cause, in some cases, the T-dual 



found by the simple use of the linear T-duality. The assumption that fields must be 



multiplet not to be gauge invariant. In those cases, the S-matrix elements contain 
more than one T-dual multiplet which are intertwined by the gauge symmetry. 

In this paper, we apply the T-dual Ward identity on the S-matrix element of 
one RR (p — 3)-form and two NSNS states on the world volume of a Dp-brane to 
find its corresponding T-dual multiplet. In the case that the RR potential has two 
transverse indices, the T-dual multiplet is gauge invariant, however, in the case that 
it has one transverse index the multiplet is not gauge invariant. We find a new T-dual 
multiplet in this case by imposing the gauge symmetry. We show that the multiplets 
are reproduced by explicit calculation, and their low energy contact terms at order 
a'^ are consistent with the existing couplings in the literature. 

Keywords: T-duality, S-matrix 



^komeilvelni@gmail.coni 
^garousi@ferdowsi.um.ac.ir 







1 Introduction 



It is known that the string theory is invariant under T-duahty [H Ej [3], IH E] and S-duahty 
m 13 [9l [TOl [m [5] . These symmetries should be carried by the scattering amphtudes. 
It has been speculated in [12j that these dualities at linear order should appear in the 
amplitudes through the associated Ward identities. This classifies the tree-level amplitudes 
into T-dual (S-dual) multiplets. Each multiplet includes the scattering amplitudes which 
interchange under the linear T-duality (S-duality) transformations. 

The T-duality holds order by order in string loop expansion [5]. Hence, scattering 
amplitudes at any loop order should satisfy the T-dual Ward identity. This identity dictates 
that the amplitudes should be covariant under linear T-duality transformations on the 
external states and should be covariant under the full nonlinear T-duality transformations 
on the background fields. On the other hand, the S-duality is nonperturbative in string 
loop expansion [5]. The S-dual Ward identity then dictates the scattering amplitudes should 
be invariant under linear S-duality transformations on the external states [131 HH 115] and 
should be invariant under the full nonlinear S-duality transformations on the background 
fields after including the loops and the nonperturbative effects |16] - |35j . 

In the T-duality transformations, there is an assumption that the background fields must 
be independent of the Killing coordinates along which the T-duality is applied [2]. As a 
result, the T-dual Ward identity can not capture the T-dual multiplets that are proportional 
to the momentum along the killing coordinates. The gauge invariance associated with the 
massless closed string states, however, intertwine the separate T-dual multiplets. Therefore, 
one may find all T-dual multiplets by imposing the Ward identities associated with the T- 
duality and the gauge transformations. 

The consistency of the standard Chern-Simons couplings of gravity and R-R fields |36l 
EZ] with the linear T-duality has been used in [Ml El] as a guiding principle to find new 
couplings involving the antisymmetric B-field. The T-dual multiplet corresponding to the 
Chern-Simons couplings at order a'^ has been found in [381 EH]- It is not invariant under 
the B-field and the R-R gauge transformations. This reveals that the extension of the 
Chern-Simons couplings to the T-duality invariant form involves more than one T-dual 
multiplets. It has been shown in [32] that the multiplets may be found by imposing the 
invariance under these gauge transformations. Similar consideration should be applied on 
the scattering amplitudes corresponding to these couplings. 

The disk-level scattering amplitude of one RR {p — 3)-form and two NSNS states has 
been calculated in [101 SH 112] • this paper we would like to apply the T-dual Ward identity 
on this amplitude to find its corresponding T-dual multiplet. This multiplet contains the 
amplitudes for {p — l)-form, {p + l)-form, {p + 3)-form, [p + 5)-form as well as the original 
amplitude. As we shall see, in the case that the RR potential has two transverse indices the 
T-dual multiplet is invariant under the gauge transformations associated with the massless 
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closed strings. However, in the case that the RR potential has one transverse index, the 
T-dual multiplet is not invariant under these gauge transformations. As a result, the S- 
matrix in this case involves two T-dual multiplets. We will find the second multiplet by 
imposing the Ward identity associated with the NSNS gauge transformations on the first 
multiplet. 

The outline of the paper is as follows: We begin in section 2 by reviewing the T- 
duality transformations and the method for finding the T-dual completion of a S-matrix 
element. In section 3.1, we show that the S-matrix element of one RR (p — 3)-form with 
two transverse indices and two NSNS states calculated in |10l IHl |12] does not satisfy the 
T-dual Ward identity. Imposing this identity, we will find the T-dual multiplet whose first 
component is the amplitude of the R-R {p — 3)-form. This multiplet satisfies the Ward 
identities associated with the R-R and the NSNS gauge transformation. In section 3.2, we 
find the T-dual multiplet whose first component is the amplitude of the RR {p — 3)-form 
with one transverse index. This multiplet does not satisfy the Ward identity associated 
with the NSNS gauge transformations. In sections 3.3, by imposing this identity we find a 
new T-dual multiplet. In section 3.4, we write the combination of these two multiplets in 
terms of the field strength of B- field. In section 3.5, we will find the T-dual multiplet whose 
first component is the scattering amplitude of one RR {p — 3)-form with one transverse 
index, one B-field and one gauge boson. This multiplet satisfies all gauge symmetries. In 
section 4, we find the low energy contact terms of these multiplets at order a'^ and show 
that they are consistent with the existing couplings in the literature. 



2 T-duality 

The full set of nonlinear T-duality transformations for massless RR and NSNS fields have 
been found in |21 1131 SH SSI US]- The nonlinear T-duality transformations of the RR field 
C and the antisymmetric field B are such that the expression C = e^C transforms linearly 
under T-duality [17]. When the T-duality transformation acts along the Killing coordinate 
y, the massless NSNS fields and C transforms as: 

e^'t' = — ■ G = — 

Kjyy Kjyy 

Ijyy Ijyy 

B _ ^i^y . fj _ Ty _ ^i^y^t^y ~ ^/j^y-^i^y 

Ijyy Ijyy 

n{n) _ n{n~l) . Pi{n) _ f{n+l) /-i \ 

where fi, v denote any coordinate directions other than y. In above transformation the 
metric is given in the string frame. If y is identified on a circle of radius i?, i.e., y ~ y + 2TTR, 



2 



then after T-duality the radius becomes R = a'/R. The string couphng is also shifted as 
gs = gsVa'/R. 

We would like to study the T-dual Ward identity of scattering amplitudes, so we need 
the above transformations at the linear order. Assuming that the NSNS fields are small 
perturbations around the flat space, e.g., G^y = rj^y + h^y, the above transformations take 
the following linear form: 

n{n) _ f{n-l) n{n) _ n{n+l) 

The T-duality transformation of the gauge field on the world volume of D-brane, when it is 
along the Killing direction, is Ay = $^ where $^ is the transverse scalar. When the gauge 
field is not along the Killing direction it is invariant under the T-duality. 



The strategy to find the couplings which are invariant under T-duality is given in 
This method can be used to find the T-dual multiplet corresponding to a given scattering 
amplitude. Let us review this method here. Suppose we are implementing T-duality along 
a world volume direction y of a Dp-brane. As we have illustrated in the table 1, we first 
separate the world- volume indices along and orthogonal to y, and then apply the T-duality 
transformations ([2]). The orthogonal indices are the complete world- volume indices of the 
T-dual Dp_i-brane. However, y in the T-dual theory, which is a normal bundle index, is 
not complete. On the other hand, the normal bundle indices of the original theory are not 
complete in the T-dual Dp_i-brane. They do not include the y index. In a T-dual multiplet, 
the index y must be combined with the incomplete normal bundle indices to make them 
complete. If a scattering amplitude is not invariant under the T-duality, one should then 
add new amplitudes to it to have the complete indices in the T-dual theory. In this way 
one can find the T-dual multiplet. 





Dp-brane 


Dp-i-brane 




world volume index 




a 




transverse index 


i 







Table 1 /The world volume index in the original Dp-brane theory is (a, y) and the transverse 
index is i. In the T-dual theory Dp_i-brane, the world volume index is a and the transverse 
index is {i,y). In a T-dual theory this index is complete. 
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3 T-dual multiplets 



The disk-level S-matrix element of one RR {p — 3)-form and two NSNS states has been 
calculated in ^9} HOf HH |12]. The amplitude is nonzero when the RR polarization has two, 
one and zero transverse indices. In this paper we are interested in the first two cases. In 
the next section, as an easy exercise to apply the strategy for finding the T-dual multiplet, 
we will find the T-dual multiplet corresponding to the case that the RR {p — 3)-form has 
two transverse indices and in the section 3.2 we will find the T-dual multiplet for the case 
that the RR potential has one transverse index. 



3.1 RR potential with two transverse indices 

When the RR potential has two transverse indices the amplitude is nonzero only for the 
case that the NSNS polarizations are antisymmetric [KH The amplitude is given by 
the following expression [iQl |12] 

where the function Xi has the following integral representation: 

Xi = dr2 dr^ / de (4) 

Jo Jo Jo r2r3 

where K is 

x|r2 - rge^Y""'^'!! - rarge^Y"''^'^' 

This function is symmetric under exchanging the momentum labels 2, 3. The subscribe 2 
in A2 refers to the number of transverse indices of the RR potential. In the amplitude ([3]), 
£1 is the polarization of the RR [p — 3)-form, e^, are the polarizations of the B-fields 
and Tp is the tension of Dp-brane in the string frame, i.e., 

^ gs{2Ti)P{a'fp+^)l'' 

where Qs = e'^° is the closed string coupling, and (pQ is the constant background dilaton 
field. 



^Our conventions set a' = 2 in the string theory amphtudes. Our index convention is that the Greek 
letters (yit, v,- ■ ■) are the indices of the space-time coordinates, the Latin letters {a,d,c, ■ ■ •) are the world- 
volume indices and the letters (z, j, fc, • • •) are the normal bundle indices. 
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The amplitude ([3]) satisfies the Ward identity associated with the NSNS gauge trans- 
formations. However, it does not satisfy the Ward identity associated with the T-duahty 
and the RR gauge transformations. The T-dual Ward identity in which we are interested 
in this paper, can be satisfied when the appropriate amphtudes of the RR {p — l)-form, 
{p + l)-form , {p + 3)-form and {p + 5)-form are included. On the other hand, the Ward 
identity associated with the RR gauge transformations can be satisfied when the amplitude 
of the RR {p — 3)-form with one transverse index is included. 

To study the T-dual Ward identity of the above amplitude, one should first apply 
the nonlinear T-duality on the background fields, and then apply the linear T-duality 
transformations on the external states. If one implements T-duality along a world volume 
direction of the Dp-brane, then the nonlinear T-duality of the background fields leaves 
invariant the Mandelstam variables, hence, the function Xi remains invariant. The T- 
duality also transforms 

T/^+'(K+P2+P3) ^ (6) 

where we have used the assumption implicit in the T-duality that fields are independent of 
the Killing coordinate, e.g., 6^'^^ {p'^ + P2 + p^) = SP{p'^+P2+p'^)S{Q) where 5(0) = 2TrR and 
R is the radius of the compact direction on which the T-duality is applied. So the Dp-brane 
of type IIA/IIB transforms to the Dp_i-brane of type IIB/IIA. 

We now apply the linear T-duality on the external states. From the contraction with the 
world volume form, one of the indices Og, ■ ■ ■ , Cp of the RR potential or the indices Oq, ■ • • , 05 
of the B-field polarizations must include y. So there are two cases to consider: First when 
the RR potential ei^P~^^ carries the y-index and second when the NSNS states carries the 
y-index. In the former case, one can easily verify that the amplitude is covariant under the 
linear T-duality, i.e., the amplitude is invariant up to (jS]). In the latter case, however, the 
amplitude is not covariant because when the B-field carries the y-index it transforms to the 
metric under the linear T-duality (|2]). 

To find the T-dual completion of the S-matrix element (E]), we first write the factor in 
(|3]) which contains the B-field polarizations and the momenta along the brane, as tensor 
^ao-as ^ paopai(^^A^a2a3(^^A^a4a5_ r^j^g^ g^^g ^j^g following six possibilities for to 

carry the Killing index y, i.e.. 



Since under the T-duality rules, the external states must be independent of y, any momen- 
tum which carries the y-index is zero. Apart from the factor Tp5P+^(p" + P2 + Ps)^! whose 
T-duality transformation has already been studied, the indices in the amplitude can be 



c I — Uy"-oa.ia2a3a4, , i,aoyaia2a:ja4, _ i.aoaiya2aaa4, 

taQ---a4yaQ---ap \ ~r n 

_j_J^a.oaia.2ya3a4 ^000102035/04 _|_ ^oooi0203a4j/\ ^-^-j 
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separated as 



Note that because of the presence of the world volume factor eaQ---a4yafi---ap, the index y in 
the above expression is a complete index. Under the linear T-duality transformations (|2]) 
the above expression transforms to the following term on the world volume of Dp_i-brane: 

where is the polarization of the graviton. The index y which is now a normal bundle index 
in the Dp_i-brane, is not complete any more. This indicates that the original amplitude 
(E]) is not consistent with the linear T-duality. 

To remedy this failure, one has to add to (|3]) a new S-matrix element of one RR (p — l)- 
form with three transverse indices and two NSNS states. This amplitude must be such that 
when it combines with ([3]), the indices in the combination remain complete after the T- 
duality transformations. Consider then the following S-matrix element on the world volume 
of the Dp-brane: 

A,{C^^-'^) ~ 2Tp(e^^)),,,'^--^6,„...,,p>»yy3((£f)'^«^£^)'^^'^^ + (2 o 3)) 

xXi5^+i(K+P^+P^) (10) 

The combination of the amplitudes f lTOj) and ([3]) may then be covariant under the linear T- 
duality. In fact this combination is covariant only when the world volume Killing coordinate 
y is carried by the RR potentials. To see this we note that, as we tensioned before, when the 
RR potential in ([3]) carries the y index the amplitude is covariant. When the RR potential 
in ( JTOl) carries the y index, it transforms to {e^i '^^)ijk'^^"'°'^ in which the transverse indices 
i, j, k are not complete, i.e., they do not include y. However, the sum of the transformation 
of the above amplitude and the amplitude ([9]) has RR potential {£^i~'^'')ijk'^"'"'^ in which 
the transverse indices are complete. That is, when k = y the amplitude is given by ([9]), 
and when i = y or j = y the amplitude is zero because in the amplitude the indices i,j are 
also the indices of the momenta ^2^3- 

Even though the combination of the amplitudes ([3]) and ( ITOl) is covariant under the 
linear T-duality transformations ([2]) when the y-index is carried by the RR potentials, 
the amplitude ( ITOl) is not covariant when the y-index is carried by the NSNS polarization 
tensors. In the latter case, apart from the factor Tp6^~^^{pi +P2+p'^)Ii, the amplitude (fTOj) 
can be written as 

2{et%k^'---'''eao---a,ya,---ayX^^ +(2^3) 
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where we have used the separation of the indices as in ([7]). Under the hnear T-duahty 
transformations (j2]) the above expression transforms to the following terms: 

2{sf\j,y''^^---''^ea,...a,a,..^^^^^^^ + 2(4)-^4)'^^^) +(2^3) (11) 

The index y which is a normal bundle index in the Dp_i-brane, is not complete. As a result, 
the amplitude ffTOl) is not yet consistent with the linear T-duality. 

We have to add another S-matrix element involving the RR {p + l)-form with four 
transverse indices and two NSNS states to restore the T-duality of the amplitude ( ITOl) . To 
this end, we add the following S-matrix element to f lTOj) : 

xXi5P+i(p'^+p^ + p;^) + (2o3) (12) 

When the RR potential in the above amplitude carries the y-index, the amplitude by itself 
is not covariant under the linear T-duality, however, the combination of the amplitudes ffTOj) 
and ( fT2|) are covariant when the RR potential in ( lT2l) and the NSNS polarizations in ( |T0|) 
carry the index y. That is, the RR potential in ( IT2l) transforms to {£i'^)ijki°'^ '"''' in which 
the transverse indices i,j, k, I do not include y. The combination of this transformation and 
the transformation of ffTOl) which is given by ffTTl) . however, has complete transverse indices. 

Again the amplitude (fT2i) is not covariant when the y-index is carried by the NSNS 
polarization tensors. Separating the world volume indices as in (171), apart from the overall 
factor, one can write the amplitude as 

^e'f^%kr-^e^oara,y^.--a, (^^)'^^^ + (4)'^^'= (^f + (4)^'= (^f )"^') + (2^3) 

which transforms to the following expression under the linear T-duality ([2]): 

^e^r%kly'''-''ea,a,a,a,...a, (^^) (^f + (4)'^^'(^3 + (4)'^^! )"^') +(2^3) 

Inspired by this, one realizes that there should be the following S-matrix element of one 
RR {p + 3)-form with five transverse indices and two NSNS states: 

A,{C^^+'^) ~ 2T,{e^r+%j,i^^^---^^ea,...a,p^^^^^^^ 

xX,5^+\p1 + pI+pI) + {2^?>) (13) 

In this case also the T-duality of the above amplitude when the y-index is carried by the 
RR potential, and the T-duality of the amplitude f|T2|) when the y-index is carried by the 
NSNS polarizations, produce terms with complete transverse indices. However, when the 
y-index is carried by the NSNS polarizations in the above amplitude, one again finds that 
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it is not covariant. To restore the symmetry, one has to add the following S-matrix element 
of one RR {p + 5)-form with six transverse indices and two NSNS states: 

xXiF+i(K+p^+p^) + (2o3) (14) 

In this case, no world volume index is carried by the NSNS polarization tensors, hence, 
there is no more S-matrix element to be added to the above amplitude. 

Hence, T-duality produces the following sequence: 

A2^As^Ai^A5^ Ae 

where ^2,^43,^4, A5 and Aq are given in (jS]), 1^, 1^, and ([H]), respectively. The 
combination of all these terms satisfies the T-dual Ward identity. They form the following 
T-dual multiplet: 



V2!2! 

r)/^(P+3)\ a3---a„ ( ^A\kl ( ^S\a2m ^ /^(P+5)\ 02 ■■■a„ / fci / _A\mn 

jijklm \^2) I^SJ 2 Jijklmn \^2) 1^3 J 



Xl + {2^ 3) 



where we have dropped the delta function. One can easily verify that the above T-dual 
multiplet satisfies the Ward identity associated with the NSNS gauge transformations. 
This can be illuminated by witting each amplitude in terms of the B-field strength H . On 
the other hand, the amplitude satisfies the Ward identity associated with the RR gauge 
transformations when the amplitudes of the RR {p — 3)-form with one transverse index, 
the RR [p — l)-form with two transverse indies, the RR {p + l)-form with three transverse 
indices, the RR (p + 3)-form with four transverse indices and the appropriate amplitude of 
the RR {p + 5)-form with five transverse indices are included. Such amplitudes appear in 
the section 3.2. 



3.1.1 Explicit calculations 

The explicit calculations of the scattering amplitude of one RR n-form in (—3/2,-1/2)- 
picture and two NSNS vertex operators in (0, 0)-picture on the world volume of Dp-brane 
involves the following trace of gamma matrices |10] : 

T{n,p.m) = -^^-^£,,^...,^e„„...,^A[,,...,„]Tr(7'^^---7""7'^"---7"''7"^-"'") (16) 
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where A[aj^...a^] is an antisymmetric combination of the momenta and/or the polarizations 
of the NSNS states and m = 0, 2, 4, 6, 8. The scattering amphtude is non-zero only for the 
following sequence [iO] : 

n = p — 3,n=p — 1, n = p+l,n = p + 3, n = p + 5 (17) 

The amplitude (|3]) corresponds to the first term of this sequence when the RR potential 
has two transverse indices [40] . The trace ( fT6l) in this case is nonzero for m = 8 . All other 
components of the T-dual multiplet (fT5|) should be correspond to the other terms of the 
above sequence for m = 8, i.e., 

A ~ T,6P+\pl + p^,+p^)Y.T{p-3 + 2j,p,8)I, (18) 

j=0 

where the first term of the summation has two transverse indices, the second term has three 
transverse indices and so on. For m = 8, there is only one A[ai---as] which is given by [IQ] 

^[ai-ag] = i£3-D)[asaii£2-D)a^a5{m)a8{W2-D)aa{ip3)a^{ip3-D)a2] (19) 

Using the above expression, one can easily verify the relation (1181) . Hence, the T-dual 
multiplet (fT5|) predicted by T-duality is reproduced by explicit calculation. 



3.2 RR potential with one transverse index 

In this section, we are going to find the T-dual multiplet whose first component is the RR 
potential C^~^^ with one transverse index. The S-matrix elements of one such RR and 
two NSNS states is nonzero when the NSNS polarizations are antisymmetric [40l|42]. The 
amplitude in the string frame is given by the following expression |40j : 



2ip,-N-eir%pTXi 



+{p2-N-eir^p^^pfX^ + {p,-V-eir^j^,pfX2 + ]^{p2-V ■pM{4T"''^2 
-{p2-V-eirj^,pfX, - {p2-N-etrplpTX, - ^{p2-N-p,)pl{eir^^X, 



+4{ps-V-eirpi,pfX, + {p3-V-ps)pUeir'''X 



+ (2 o 3) (20) 



where the matrices N^^ and V^^ project spacetime vectors into transverse and parallel 
subspace to the Dp-brane, respectively, the function Xi is the one appears in and X2,X4 
are 

Jo Jo r2 Jo \1 — r2r'id' \ \r2 — r^e ^"l^ 

X, = - dr2 dr, ^ / dOK 

Jo Jo r2r3(l — rg) Jo 
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The function X3 is the same as the function X2 in which the momentum labels 2, 3 are 
exchanged. These functions satisfies the following relations [lO] : 



- 2pi-N-p3li + 2p3-V -psli + p2- N - P2-V -psls 
-2pi-N-p2Zi + 2p2-V ■P2Xt + p2- N -p-iX^ -p2-V-p3X2 











(21) 



where the function I7 is the same as the function X4 in which the momentum labels 2, 3 are 
exchanged. In the amplitude (120|) . we have dropped the factor Tp6^~^^{p1 + P2 + P3) which 
is covariant under the T-duality transformations. 

The amplitude satisfies the Ward identity associated with the NSNS states [ID]. How- 
ever, it satisfies the RR gauge transformation when one includes the amplitude of the RR 
(p — 3)-form with two transverse indices (|3]), and the amplitude of the RR {p — 3)-form 
with no transverse index [H]. In fact, using the above identity one finds the combination 
of the last terms in the second, the third and the fourth lines of (12U]) is proportional to Xi . 
When they combine with the amplitude ([3]), the result can be written in terms of the RR 
field strength. It has been shown in [H] that all other terms in the amplitude f l20|) can be 
combined with the appropriate terms in the scattering amplitude of the RR {p — 3)-form 
with no transverse index to be written in terms of the RR field strength. 

Let us study the T-duality of the amplitude fl20|) . Since the transverse index i of the 
RR potential is contracted with momentum, the amplitude is invariant under the linear 
T-duality when the Killing index y is carried by the RR potential. However, when the 
y-index is carried by the NSNS polarization tensors, one finds that the amplitude is not 
invariant. Doing the same steps as we have done in the previous section, one finds that the 
following S-matrix element has to be added to the amplitude (!20|) : 




■plpT{2{elr'{P2-N-eir + {e^r^%P2-N-elyy2 




(22) 



+plpT{2ielr\p2-V-eir + ietr'''iP2-V-elyys 
+plpT{2{elr'\P2-N-etr^ + {e^r'''{P2-N-eiyy, 



•3 




-4piPf[2{eir''iP3-v-eir + {e^r^'ips-vsiyy, 

+2pip3-V-psl^islr'\4r"' + (2 ^ 3)^X4] + (2 o 3) 
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The above amplitude satisfies the Ward identity associated with the antisymmetric NSNS 
gauge transformations which is inherited from the original amplitude (120!) . However, the 
amplitude does not satisfy the Ward identity associated with the symmetric NSNS gauge 
transformations. This indicates that there should be another T-dual multiplet which is not 
related to the above amplitude by T-duality. Taking into account that the consistency of the 
S-matrix elements with the linear T-duality does not fix the terms which are proportional to 
the momentum in the y direction, one realizes that the new multiplet must be proportional 
to P2 Ps- the next section we will find such T-dual multiplet by imposing the Ward 
identity on the symmetric NSNS state. 



The amplitude fl22|) would satisfy the Ward identity associated with the RR gauge 
transformations when it combines with the amplitude ffTOj) and the amplitude of the RR 
{p — l)-form with one transverse index in which we are not interested in this paper. In fact, 
using the identity f l?T]) one finds the combination of the terms in the fourth, the seventh 
and the last lines of fl22]) is proportional to Xi. As a result, the sum of these terms and the 
amplitude ( 1101) satisfies the RR gauge transformations. One can show that all other terms 
are proportional to the RR momentum which is a necessary condition for satisfying the RR 
gauge transformations. 

The combination of the amplitude (120|) and (122!) is covariant under the T-duality ([2]) 
when the index is carried by the RR potential. In the case that the ?/-index is carried by 
the NSNS polarizations in ( 122|) . the amplitude is not covariant unless one combines it with 
the following amplitude: 

^3(C(f+i)) ~ -2(4"+'^,fc'^^---'^^e,„...,,p^^[2p^2P3"(^(4)''(Pi-A^-^3)^ - {elr'ipvN-elfy, 

-i^,pl^\^{4y\p2-v-sir - {slT^KP2-V-elf)x, 

+\lf,P2-V ■p,[^^{eiy\eir'^^ + {elr^{elr' + (2 ^ 3))x2 

+m\^{4y\p2-v-eir - {4r'{P2-v-eif)x, (23) 

+m\^{4Y\P2-N-eir - {4r'{P2-N-elf)x, 
-\l^,P2-N-p:,[^^{e^y\ejr^^ + {elT'^ {elT^' + (2 ^ 3))x3 
-¥2PT[^{e^Y\p-rV-efr - {slrKp^-V -elf)!. 



+Ap^-V-P,{^^{e^y\efr^^ + {elr^^{el'r' + (2 ^ 3))X4 



+ (2^3) 



This amplitude satisfies neither the Ward identity of the symmetric nor the antisymmetric 
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NSNS gauge transformations. This is again an indication of the presence of a new T- 
dual multiplet which will be found in section 3.3. The combination of the terms in the 
fourth, the seventh and the last lines of (122!) . and the amplitude (fT2|) satisfies the RR 
gauge transformations. One can check that all other terms are proportional to the RR 
momenta. They would require the amplitude of the RR {p + l)-form with two transverse 
indices in which we are not interested in this paper, to become invariant under the RR 
gauge transformations. 

The above amplitude is not covariant under T-duality along the world volume when 
the Killing index y is carried by the NSNS polarizations. To make the above amplitude 
symmetric under the T-duahty, one has to add the following amplitude: 

+PlP2-V-ps({e^y''{elr' + (2 ^ 3))z2 (24) 



+P2P3°((4y^P2-V--4)'jX3+p>^°(^(e^)^-^P2-iV.ef)'jX3 
-plP2-N-pJ{e^y\elr' + (2 ^ 3)]l, - Ap^p^^ ({e^y'{P3-V-eiy )l. 



+2plps-V-ps{{e^y\elr' + (2 ^ 3))x4 



+ (2^3) 



All terms above are covariant except those which have [e^y^K They become covariant under 
the T-duality when one includes the following S-matrix element for the RR {p + 5)-form: 



plP2-V-p^[{6^y\eiy'- + (2 ^ 3)jl2 
+pi,P2-N-ps[{e^y'{efy"^ + (2 ^ 3))X3 

-2plps-V-p3[{ety\eiy'^ + (2 ^ 3)^X4] +(2^3) (25) 

Since the NSNS polarization tensors carry no world volume indices, there is no more S- 
matrix element to be added to the above amplitudes. 

Hence, the T-duality produces the following sequence: 

^1 ^2 -> A3 ^ A -> As (26) 

where Ai, A2, A3, A and A5 are given in and respectively. They 

form the T-dual multiplet A which is covariant under the linear T-duality transformations 
([2]), i.e., it satisfies the T-dual Ward identity. The multiplet does not satisfy the Ward 
identity associated with the the NSNS gauge transformations. In the next section we will 
find a new T-dual multiplet whose combination with the above multiplet is invariant under 
the NSNS gauge transformations. 
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3.3 Gauge symmetry 



It has been shown in [10] that the amphtude f l20l) satisfies the Ward identity associated 
with the NSNS gauge transformations. The amphtude (!22l) . however, does not satisfy the 
Ward identity of the symmetric NSNS gauge transformation. So there must be another 
T-dual multiplet as well as the multiplet we have found in the previous section. Taking the 
assumption in the T-duality that the fields must be independent of the Killing coordinate, 
one realizes that the amplitudes ( |22l) . (l23ll . and ( l25l) are off by some terms which are 
proportional to p^pi- So the new T-dual multiplet must be proportional to ^2^3- 

To find the first component of this multiplet, we impose the consistency of the amplitude 
( I22I) with the symmetric NSNS gauge transformation, i.e., under replacing the symmetric 
NSNS polarization with 

(e^)'"' ^pf'C + P"C (27) 

the gauge invariant amplitude must be zero. Using this condition, one finds that the 
following amplitude must be added to the amplitude ( 12^ : 



+{p2-V-ely^l3-TT{el-D)p^^lA +2p^s^[{el-V-eiy^'''l2 - {el-N-e^y^^'Z 



(2 ^ 3) (2J 



The amplitude (|22l) is invariant under the antisymmetric NSNS gauge transformations 
and is proportional to the RR momenta which is a necessary condition for satisfying the 
Ward identity associated with the RR gauge transformation. One can verify that the above 
amplitude is also proportional to the RR momenta and satisfies the Ward identity associated 
with the antisymmetric NSNS gauge transformations. 

We can do the same steps as above to find the gauge completion of the other components 
of the T-dual multiplet found in the previous section, or we can do the same steps as in 
previous section to find the T-dual completion of the above amplitude. We choose the 
latter method to find the T-dual multiplet corresponding to the amplitude ( l28l) . So we 
consider there is isometric along the world volume direction y. The amplitude ( 122|) is 
covariant under the linear T-duality transformation when the y-index is carried by the RR 
polarization tensor, so we expect such symmetry for the above amplitud^. 

Even though the amplitude ( l28l) is covariant under the T-duality when the RR potential 
carries the Killing index y, it is not covariant when the NSNS polarizations carry this index. 



^ Apart from the last two terms in the second hne of ([28)) . it is easy to see this symmetry because the 
NSNS polarization tensors contract either with the volume form or with the momentum. However, the two 



polarizations contract with each other in the last two terms in the second line of ([28| . To verify that even 
these terms are invariant under T-duality when the y-index is carried by the RR potential, consider the 
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Using the same steps as in the previous section, one finds that the following amplitude must 
be added to (EHI): 



A\aoa\ 



.A\k'- 



+{p2.V-e^fX, ) - 2pf ( [{e^-V-eif^- + {e', -V ■ elY^'^X^^ - [{e^-N-e 



^S\aik'\ 



.A\aoa 



A\k 



.S\aok 



.S\ai] 



S\aok 



.S\ai 



+ (2^3) 



(30) 



The amplitude is proportional to the RR momenta which is inherited from the amplitude 
fl28|) . It does not satisfy the Ward identities corresponding to the NSNS gauge transforma- 
tions. However, the combination of the above amplitude and the amplitude ( !23l) satisfies 
these identities. 

The amplitude fl30l) does not satisfy the T-dual Ward identity unless one adds to it the 
following amplitude: 



^'^(C7(^'+3)) ^ -{e'f^%^u"^ea,...a,plpip-2' 



2{pi-N-elrXi - {p2-N-elrX2 



+ {p2-V-ely^'X^ - Tr(£f •D)p^°X4) - 2{slr'' (2{p,- N ■ei)% - {p2-N-e^)% 
+{p2-V-ei)%'^ - 2pf {{etV-elf% - {etN-eir X3 

2{elr' {p-yV-e^f + {e^r (j93-V^-4)"°):^2 
+ (2{elY'' {p^N-e^f + {eif' {p^N-elfAx, 



+ (2^3) 



(31) 



The terms in the big bracket which have p'^^ are covariant under the T-duality. All other 
terms which are not covariant, dictate that the whole amplitude must include the following 
amplitude for the RR {p + 5)-form: 



-5)' 



1^1 Jijklm 



^ao-apP2PzP2 



e^r{2{p,-N-etrX, - {p2-N-e^rX2 



+{p2.V-eirx, ] - {eiY^ {prV-et)'X2 + (efY"' {prN-et)% 



.A\lm 



A\k'- 



^A\lm 



.A\k'- 



combination of one of them and the corresponding term in the (2 -H- 3) part, i.e., 



+ (2^3) (32) 



(29) 



Using the strategy outhncd in section 2, one can easily verify that the above combination is invariant under 
the hnear T-duahty transformations ([2]) when the world volume indices ai and 02 are not the y-index. 
Similarly for the last term in the second line of ([28| . 



14 



There are no more world volume indices for the NSNS polarization tensors, so there is no 
more amplitude to be added for the consistency with the linear T-duality. 

Therefore, the sequence of the amplitudes 

A ^3 ^ A (33) 

where J^^i Ai A A given in (l28ll . (130|) . (I3T1) and (!32l) . respectively, forms the T- 
dual multiplet A'. This multiplet is related to the multiplet in the previous section through 
the gauge transformations, i.e., 

Ai ^ A2 ^ A3 ^ A4 ^ A5 

i i i i (34) 

where the pairs Ai^A'^) and Ai+i{A'i^i) related through the T-duality are connected by 
horizontal arrows, and pairs Ai and A'^ related through the gauge invariance are connected 
by vertical arrows. Neither the T-dual multiplet A nor the multiplet A', satisfy the Ward 
identity corresponding to the NSNS gauge transformations, however, the combination of 
these two multiplets, i.e., 

A = A + A' (35) 

satisfies the Ward identity. So they should be the correct S-matrix elements of one RR 
and two NSNS vertex operators. While there is no restriction on the NSNS polarization 
tensors, the RR potential carries specific indices. That is, the (p — 3)-form, {p — l)-form, 
(p + l)-form, (p + 3)-form and {p + 5)-form carry one, two, three, four and five transverse 
indices, respectively. 

To compare our result with explicit calculation in string theory, recall that the amplitude 
fl2U]) corresponds to the first term of the sequence flTTl) when the RR potential has one 
transverse index |3D]. The trace f ll6l) in this case is nonzero for m = 6. All other components 
of the T-dual multiplets (!35|) should correspond to the other terms of the sequence (fTTIl for 
m = 6, i.e., 

A I T,5^^\p1 + pl+pl)j2Y.T{p-^ + '2j,p,&)X (36) 

j=0 

where X stands for the functions of the Mandelstam variables which appear in the amplitude. 
The first term in the first summation has one transverse indices, the second term has two 
transverse indices and so on. For m = 6 there are many A[Q,^...Q,g] in the trace (I16p . The 
second summation in fl36l) is over these terms. Extending the calculations done in [ID] for 
the first term of the sequence f|T7|) . to all other terms, we have computed explicitly the right 
hand side of the above equation and found exact agreement with the T-dual multiplets in 
the left hand side of fl36|) . 
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3.4 Amplitudes in terms of field strength H 



The amplitudes that we have found in the previous section satisfy the Ward identity asso- 
ciated with the NSNS gauge transformations. So one may use these symmetries to rewrite 
the amphtudes in terms of the field strength of the NSNS states. The amplitude (!20|) has 
been written in terms of H in HOl, i.e., 



-{P2-W-Hsr''"p^ + (p2-f/-^3)"^">3) + (2^3) (37) 
where for z = 2, 3, is the field strength of the Bi polarization tensor, e.g., 

{H^r'^ = ^[« + erP2+«] (38) 
In converting the result in [40j to the above form, we have defined U and W as 

U = Vl2-Nl3 ; W = Vl3-Nl2 (39) 



Apart from the first term in fl37j) . no other term has pi so the amplitude can not be 
written in terms of the RR field strength unless one rewrite it in terms of the B-field 
polarizations instead of the field strengths H2,H3. However, one expects the contact terms 
of the amplitude ( 1371) to be combined with some other contact terms to produce couplings 
in terms of field strength of the external states. We will study this issue in the next section. 



The next component of the T-dual multiplet A has the two contributions fl22]) and 
The amplitude is nonzero when one of the NSNS states is symmetric and the other one 
is antisymmetric. Assuming the polarization 82 is symmetric and the polarization £3 is 
antisymmetric, one can rewrite the amplitude in terms of H3 as 

A2(C(^-^)) ~ 2{et\r---''''eao--J-Hr'>ihpUpi-N-el^^^^^ 



+ [4p^,'{p2-V-ely -p^^'plTiiel-D) - 2p2-V ■p2{6lr% 
-3plp^'{elY^^(2{pi-N-H3p''''Ii + {p2-W-H^Y°''^ - A^p^^-V ■ H^Y'"''Xi 



+3p{plH - {elY^\p2-U-H^Y°''' + p'2 (4 -f^-^r^ 



'3 



(40) 



Note that we have used the identity fl^ to write the above amplitude in terms of field 
strength H^. The amplitude does not satisfy the Ward identity corresponding to the gravi- 
ton unless one rewrite the field strength H^^ in terms of £3. So one can not write the 
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amplitude in terms of field strengths and the curvature i?2- However, a part of it can be 
written as R2HS. In fact one does not expect that even all the contact terms to be rewrit- 
ten as R2H3 because the metric in the effective action appears in the curvature tensor, in 
contracting the indices and in the definition of the covariant derivatives. 

The C'-^^^^ component of the multiplet A is nonzero when both NSNS polarizations are 
either antisymmetric or symmetric. In the former case, the amplitude in terms of H is 



1^1 )ijk 



+ (2^3) (41) 

In the latter case the amplitude in terms of the symmetric polarization tensors is 



(p+l)^ 



^ao---ap 



S\a2i'\ 



+ [A{p,-V-el)Y3' -p?PlTT{el-D) ' 2P3-V-ps{e 
-pTi4)'^'iP3-W-ely+p',pTiel-W-ely''A] +(2^3) 



(42) 



In this case also one can not rewrite the amplitude in terms of curvature tensors R2R3, 
even though a part of it can be. 

The next component of the T-dual multiplet A is nonzero when one of the NSNS states 
is symmetric and the other one is antisymmetric. Assuming the polarization 82 is symmetric 
and the polarization £3 is antisymmetric, one can rewrite the amplitude in terms of H3 as 



A4(C(^ 



P+3)) 



Jijkl 



Hf^pl^M{p,.N.etr^X,+pl{prU-e^r 



+ [Apl^{p2-V-etr -plY;Yi{el-D) - 2p2-V-p2iel)n^, 



+3pTpii4rH'^iPi-N-H3r% + {P2-W-H; 



kU 



\kl 



+3pTpl[pT{el-W-H,y''' - {ely^^{p2-W-Hs 
+Hl'^pf { - i6lr'Y-U-p3+pliP3-U-elr 



Ik 



(43) 



Note that in using the identity (!2T]) to write the amplitudes ( 12^ and ( 13T|) in terms of H^, 
the X4 terms disappear. This is unlike the amplitude (1401) . As we shall see in section 4, this 
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causes to have a low energy contact term at order a'^ for the amphtude ( 140|) but no such 
contact term for the amphtude fHSl) . 

The last component is nonzero when both NSNS polarization tensors are antisymmetric. 
The amplitude in terms of H is the following: 

+ (p2-iV-i^3)>rX2 + (p2-^-i^3)>r^3) + (2 o 3) (44) 

Note that there is no X4 term in this amplitude either, whereas there is such term in the 
first component of the multiplet A, i.e., the amplitude (137|) . As we shall see in section 4, 
this leads to a contact term at order a'^ in the amplitude (137|) and no such contact term in 
the above amplitude. 



3.5 Two closed and one open string amplitudes 

To study the low energy effective action of the amplitudes we have found in the previous 
sections, we need to have the T-dual multiplet corresponding to the S-matrix elements of 
one RR and one NSNS states which has been found in (SOj |5T] , and the T-dual multiplet 
corresponding to the S-matrix elements of one RR, one NSNS and one open string NS 
states. The first component of this latter multiplet has been calculated in . For the case 
that the RR potential has one transverse index, the amplitude is 

A,{C^P-'^) ~ T,{Et%'''---''^ea,...aApl\eir'''fr'Q (45) 

where Q is the following function of the Mandelstam variables |12] : 



PrPs V Pi-Ps 

and f2°"'^ = '^[^2°C2^ ~ ^2^(2°]- This amplitude is covariant under the linear T-duality when 
the isometry index y is carried by the RR potential. However, when the y-index is carried 
by the NS or the NSNS polarizations it is not invariant. Using the same steps as we have 
done in section 3.1, one finds that the following amplitudes have to be added to the above 
amplitude to have complete symmetry under the linear T-duality transformations: 

^3(^(^+1)) ~ T,ief^%,,^---^^e,,...a,plp^-[-iei^^^ 

A4(C(^+3)) ^ 22rp(4^+^)),,fc,'^---^e,„...,^p^p^^A;2"«(£^)^'^<l>^Q (47) 
The amplitudes ( l45l) and ( l47|) form a T-dual multiplet which satisfies all the Ward identities. 
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4 Low energy effective field theory 



The dynamics of the D-branes of type II superstring theories at the lowest order in oi is 
given by the world-volume theory which is the sum of Dirac-Born-Infeld (DBI) and Chern- 
Simons (CS) actions [521 [531 IMl EI]- The bosonic part of this action is 

S = -Tp I d^-^'x e- V- det {Gat + B^b) +tJ e^C + • ■ • (48) 

here dots refer to the terms at higher order of a' . In the Chern-Simos part, M^"*"^ represents 
the world volume of the Dp-brane, C is the sum over all RR potential forms, i.e., C = 
X]n=o^^"^ multiplication rule is the wedge product. It is understood here that 

after expanding the exponential, in each term that particular C'-"^ is chosen such that the 
product of forms adds up to a (p + l)-form. The field strength of the four form is self-dual 
object and the electric components of the redundant fields C^^\ ■ ■ ■ , C*-^^ are related to the 
magnetic components of the RR fields C(°\ ■ ■ ■ , C^^^ as dC(8-") = *((iCW) for n = 0, 1, 2, 3. 
The closed string fields Gab, Bab and G are the pull-back of the bulk fields onto the world- 
volume of D-brane, e.g., 

Gab = G',.^^ (49) 

where x* = 27ra'$* in the static gauge. The transverse scalar fields appear in the D-brane 
action also in the Taylor expansion of the closed string fields [60]. The abelian gauge field 
can be added to the action as i? — ^ B + 27Ta'f . This causes the action to be invariant under 
the B-field gauge transformation. The Chern-Simons part is invariant under the following 
RR gauge transformations: 

SG = dA + H AA (50) 

where H is the field strength of B, i.e., H = dB, and A = I]I=o^^"^- 

The bosonic part of the bulk action at the lowest order in a' for type IIA theory is given 
as (see e.g., 01]): 

- 2^/'''°-^(^"'Kw)'^-B«i-i(^""')0 

~4^ y S A dG^^^ A + . . . (51) 

where the degree of the nonlinear RR field strength F*^") is n = 2, 4. The ten-dimensional 
Newton's constant is given by 2/t^ = IGttGn = {'^t^V ot"^ dl ■ The action for the type IIB 
theory is 



SiiB = ^1 d^^'xV^l^e 



2(j> 



R + 4(V0)2 - ^H' 



2an\ 



+ At / (C7(^) + -BA C(2)) A AH + --- (52) 

4k"' J 2 
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where n = 1,3, 5, the constant a is 1 for n = 1, 3 and is 2 for n = 5. The dots in above 
actions again refer to the higher derivative terms. The nonhnear RR field strength in above 
actions is given as 

P(n) ^ (IC^n^l) A C("-3) (53) 

The self duality constraint F'-^^ = *F^^'^ is imposed by hand [51] • In writing the above su- 
pergravity actions, we have used the conventions used in [SS] for the RR field strength which 
coincide with the RR potentials appearing in the D-brane action fl48p . i.e., the supergrav- 
ity actions and the D-brane action are invariant under the same RR gauge transformations 

Using the above actions one may compute the scattering amplitude of one RR and 
two NSNS states. They should coincide with the amplitudes that we have found in the 
previous section at the lowest order in a' . The next to the leading order terms of the string 
theory amplitudes in which we are interested in this section, should reproduced by the a'^ 
corrections to the above actions. It is known that the first a' corrections to the type II 
supergravity actions are at order a'^ jSHl EZl EBl EH]- So the a'^ corrections appear only for 
the D-brane action. 

The a'^ corrections for the couplings of one RR and one NSNS states have been found 
in [21]. That quadratic couplings can be extended to higher order terms by making them 
covariant under the coordinate transformations and invariant under the RR gauge transfor- 
mations ( |50|) . That is, the partial derivatives in these couplings should be replaced by the 
covariant derivatives, the closed string tensors should be extended to the pull-back of the 
bulk fields onto the world- volume of D-brane, the linear RR gauge field strength should be 
extended to the nonlinear field strength F*^") given in (135]) . and the linear curvature tensor 
should be extended to the nonlinear curvature tensor i?, i.e., 

TT^O-'^T [ (jP+^re"-"'""-" ( - IF^^^ H -,0.1 , p{p) tt i;al 



^_ p(P+2) D ij;a , 1 p(P+2) f D iaj _ , ■,ijv\ 
^1 [2]-' «ai---api-"'«ao ^ p _|_ j^-' ao - api;iV-'^a ^ )\ 



3!(p-M)! ""■■■"^'^ °7 
where the semicolons are used to denote the covariant differentiation. 

The a'^ corrections to the D-brane action for one RR, one NSNS and one open string 
NS states can be found from the low energy limit of the T-dual multiplet found in section 
3.5. The low energy expansion of the function Q in this multiplet is |42j 

Q = -^-^P3-D-ps + --- (55) 
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The first term is a closed string pole which is reproduced by the D-brane action (HH!) and the 
supergravity actions. The second term produces the following a'^ couplings on the world 
volume of the Dp-brane: 

n'a'%J d^^'xe^^ -" ( 2,2!^- 3)! [-^fcl-^^oa.a'"X2W/.,.3)] 

1 1 

+ ^4:t.'U.^^^''^(2vra'<|.\,j) (56) 

where TZ is the linear curvature tensor and F*^"^ = dC^^~^\ One can easily verify that the 
couplings which involve the transverse scalar fields, are exactly reproduced by the pull-back 
operator in in the static gauge. The other couplings are new couplings which should 
be added to the D-brane action at order a'^. Extending them to be covariant under the 
coordinate transformations and invariant under the RR gauge transformations, one finds 
the following nonlinear couplings at order a'^: 

S ^ Tr'^n'^T [ d'P'^^T e"-''"'"^ i 3^ IF^-^'^^H '"U B +27ro''f )] 

O ^ u. ±p J LL xt I 2!2!(j9 — 3)! \J-'a2a-j. ^ ■^'^'^ J a2az)\ 

~^ 2\{p — 2^1 ^"^""^ ("^"i^z ~^ 27rQ; faia2)\ 

+ ^^^^£'l..[^^^''^'^a(^'^oa. + 27ra7aoaJ]) (57) 

where we have also extended 27r«'/ to gauge invariant combination B + 2Tia' f . 

Using the above actions one can calculate the Feynman amplitudes for the scattering of 
one RR and two NSNS states at order a'^ and compare the results with the T-dual multiplet 
A at order a'^. The Feynman amplitude of one RR (p — 3)-form with one transverse index, 
and two arbitrary B- fields has been studied in [30] . It has been shown that the open string 
pole results from the coupling in the first line of fl57j) and the coupling Bf in the DBI action 
fHHj) . and the contact terms in the first line of fl571) and in the first term of fl54|) . produce 
exactly the open string pole in the amplitude fl37j) . Here we perform similar computation 
for other components of the multiplet A. 

4.1 C^^-i) case 

To simplify the calculation in field theory, we assume the RR potentials carry no world 
volume indices. So to study the component PUI) of the T-dual multiplet A we have to set 
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p = 3. The field theory amphtude is nonzero when one of the NSNS states is symmetric 
and the other one is antisymmetric. It is convenient to separate the Feynman diagrams in 
field theory into two classes (i) and (ii). The class (i) includes the contact terms and the 
open string pole in which the gauge boson propagates. The class (ii) includes all the closed 
string poles and the open string pole in which the transverse scalar fields propagate. Our 
reason for this classification is that, as we will we shortly, the low energy expansion of the 
functions X's in the string amplitude have only massless open and closed string poles. The 
amplitudes in class (i) combines to produce the appropriate massless open string poles in 
the string theory side. 

The Feynman diagrams in the class {i) are given in the figure 1. 




Figure 1 /The Feynman diagrams for the gauge boson pole and the contact terms of the 
scattering of one C*-^, one B- field and one graviton on the world volume of Ds-brane. 



The contact terms arise from the first term in the second line of (1571) and from the first 
term in the second line of (15^ . The massless pole, on the other hand, arises from the 
second term in the second line of (1571) and from the coupling Bf in the DBI action ( 148|) . 
The amplitude corresponding to the sum of these two Feynman diagrams is the following: 

A'^'' = -^f^^^V^^J>?y2(4)'^'nj>3-V-i^3)--)e.o...^ (58) 
\ 6 J \ps-D-ps J 

Similar amplitude as above has been found in [ID] for the RR (p— 3)form with one transverse 
scalar. 

Now to compare the above field theory amplitude with the amplitude fj40|) . we have to a'- 
expand the functions Xi,X2,X4. One may expand these functions for arbitrary Mandelstam 
variables using the expansions found in [12]. However, to simplify the discussion, we use 
the fact that neither the field theory nor the string theory has pole l/p2'P3 or l/p2-D-p^. 
So we expand these functions for the case that P2-Pz = P2'D-p^ = 0. This expansion has 
been found in HO] 



TT / 1 vr^ 



2 \PrP2PrP-i 



P2-D-P2 _^ P3-D-P3 

Pl-PS Pl-P2 



+ 
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-TT 



( 1 

+ 



6 Px-P2 



'^Pi-P2PrPz Pi-p2P3-D-ps 



TT 

12 



2 ' 2pi-N-p3 ^ 2p2-D-p2 _^ P2-D-P2 



PrP2 



P3-D-P3 pi-ps 



Note that X3 and X7 are the same as I2 and X4, respectively, in which the momentum labels 
2,3 are interchanged. The above expansion shows that only X4 and X7 have massless open 
string poles. One can easily verify that the field theory amplitude S5E\i is the open string 
pole of X4 in the last term in the third line of fHU]) . 

The Feynman diagrams in class (ii) are given in figure 2. 



Ds-brane, 




D'i-brane. 




D'^-brane, 




Figure 2 ;The Feynman diagrams for the open string transverse scalars pole and the closed 
string poles of the scattering of one C^^ , one B-field and one graviton on the world volume 
of Ds-brane. 

One vertex in the open string amplitude arises from the pull-back and the Taylor expan- 
sion of the linear graviton in the DBI action, and the other one arises from the pull-back 
of the first term in (jSlj). In the closed string poles, the vertices on the brane arise from the 
action (jSlj) and the vertices in the bulk arise from the supergravity action (l52ll . We have 
calculated these amplitudes explicitly. Using the following identity: 



(12 Tjaaoai 



pTH: 



IpsH, 



aoaia2 , 



(60) 



we have found exact agreement between the field theory amplitude and the open and closed 
string poles at order a'^ which result from replacing the expansion fl59|) in the amplitude 

m. 



4.2 c(^+i) 



case 



In this case the assumption that the RR potential has no world volume indices fixes p = 2. 
The amplitude is nonzero when the two NSNS states are symmetric or antisymmetric. 
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When the two NSNS states are antisymmetric, the Feynman diagrams in class (i) are given 
in the figure 3. 




Figure 3 .-The Feynman diagrams for the gauge boson pole and the contact terms of the 
scattering amplitude of one C^^^ and two B-fields on the world volume of D2-brane. 

The contact terms arise from the first term in the third line of f l57|) and the first term in 
the third line of ( l54l) . The open string pole is produced by the coupling in the second term 
in the second line of ( 1571) . and by Bf in the DBI action ( 148|) . The amplitude corresponding 
to the sum of these two Feynman diagrams is the following: 

which is exactly the open string pole in the X4 term in fHT]) . 
The Feynman diagrams in class {ii) are given in the figure 4. 




Figure 4 .-The Feynman diagrams for closed string poles of the scattering amplitude of one 
C^^^ and two B-fields on the world volume of D2-brane. 

There is no i?$ coupling in the D-branes action, so there is no open string pole. This 
is consistent with the amplitude pTl) . For the closed string poles, the vertices on the brane 
can be read from the couplings ( l54l) and the vertices in the bulk can be read from the 
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supergravity action (15T1) . We have computed these amphtudes and found exact agreement 
with the massless closed string poles in fHT]) . 

When the two NSNS states are symmetric, the actions fl5^ and flFTI) produce no Feyn- 
man diagrams in the class (i) which is consistent with the amplitude fH2|) . The massless 
open string pole resulting from the function X4 in (H2|) is in fact the transverse scalar pole 
which is in the the Feynman diagrams in class {ii). The Feynman diagrams in the class (ii) 
in this case are given in the figure 5. 



Figure 5 .-The Feynman diagrams for transverse scalars pole and for the closed string pole 
of the amplitude of one C*-''^ and two gravitons on the world volume of D2-brane. 

The open string pole arises from the pull-back of the first term in the second line of 
flM|) . and from the pull-back and the Taylor expansion of the linear graviton in the DBI 
action. The closed string pole arise from the brane couplings in the second line of fl5^ 
and the bulk couplings in fl5T]) . Here again we have found exact agreement with the string 
theory results in f H2l) . 



In this case for p = 1 there are no world volume indices carried by the RR potential. The 
scattering amplitude in field theory is nonzero when one of the NSNS states is symmetric 
and the other one is antisymmetric. The D-brane action at order a'^ produces no Feynman 
diagram in class (i) which is consistent with the string theory amplitude (l43i) . The Feynman 
diagrams in the class (ii) are shown in figure 6. 




4.3 



case 
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Figure 6 .The Feynman diagrams for transverse scalars pole and for the closed string poles 
of the amplitude of one C**-^'^^, one B- field and one graviton. 

The explicit calculation again reproduces the massless poles in (H^ at order a'^. 
4.4 C(^+^) case 

In this case the assumption that the RR potential has no world volume indices fixes p = 0. 
The field theory amplitude is nonzero when the two NSNS states are antisymmetric. There 
is only one Feynman diagram which is given in figure 7. 




Figure 7 .-The Feynman diagram for the closed string pole of the scattering amplitude of 
one C'*-'*^'™' and two B-fields on the world volume of Dg-brane. 

Using the following identity: 

ea,f^\Vz-y-ii2f = ea,vT{V2-V-H^f (61) 

which is easy to verify using the fact that there is only one world volume direction, one 
finds the field theory result to agree exactly with the string theory amplitude (jH]) at order 
a'^. This ends our illustration of the precise consistency between the T-dual multiplet A 
( l35l) and the field theory couplings ( l54l) . ( j57l) and the supergravity couplings. 
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5 Discussion 



In this paper, we have shown that the T-dual Ward identity and the Ward identity of 
the gauge symmetries can be used to find new S-matrix elements from a given S-matrix 
element. We have shown that the T-duality, in general, can not capture the new S-matrix 
elements fully. The T-dual multiplet f lTSj) corresponding to the S-matrix element of one 
RR [p — 3)-form which has two transverse indices, and two NSNS states is fully captured 
by the T-duality. However, the multiplet fl2^ corresponding to the S-matrix element of 
one RR {p — 3)-form which has one transverse index, and two NSNS states contains the S- 
matrix elements which do not satisfy the Ward identity of the NSNS gauge transformations. 
This indicates there is another T-dual multiplet (j33ll which must be added to (j26l) to fully 
produce the new S-matrix elements. 

The consistency of the S-matrix elements with the linear T-duality that we have used 
in this paper does not fix the terms in the S-matrix elements which have momentum along 
the Killing direction y. When y is a world volume coordinate in the original theory, then 
in the T-dual theory it becomes transverse coordinate. So our prescription for finding the 
T-dual multiplets outlined in section 2 can not capture the terms of the S-matrix elements 
which have an extra factor of pf, P2 or p^ relative to the original S-matrix element on 
which the consistency with the linear T-duality is applied. As a result, the T-dual Ward 
identity can not capture the remnant multiplets that are proportional to p^, p\ or p\. The 
remnant terms proportional to p}{ make the amplitude to satisfy the Ward identity of the 
RR gauge transformations in which we have not been interested in this paper. Whereases 
the remnant terms proportional to p\ or p\ make the amplitude to satisfy the Ward identity 
of the NSNS gauge transformations. This explain why the multiplet (fT5|) does not have 
the remnant terms proportional to p\ or p\. This T-dual multiplet is proportional to 
hence, the remnant T-dual multiplet is proportional to P2P3P3 V\v\v\- However, this 
multiplet is zero because these momenta contract with the RR potential which is totally 
antisymmetric. On the other hand the multiplet A in fl26l) is proportional to p\ or p\. The 
remnant T-dual multiplet is then proportional to p\p\ which produce non-vanishing terms 
when contracted with the RR potential. 

The above discussion can be applied for the S-matrix element of one RR (p — 3)-form 
which has no transverse indices, and two NSNS states. Since the RR (p — 3)-form has no 
transverse index, this S-matrix element has no momentum p\ or p\ contracted with the 
RR potential, so its corresponding T-dual multiplet does not have such factor. In this 
case there are two remnant T-dual multiplets that are intertwined by the NSNS gauge 
transformations. One of them is proportional to p\ or pg, and the other one is proportional 
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to The components of multiplets are connected as the following: 



i 

A[ 



A2 

i 



A3 

i 

i 



A4 

i 

i 

^ A'i 



(62) 



A2 



The ^0 component of the above multiplets has been calculated in |1T| Il2] . It would be 
interesting to find all other components by the T-dual and the gauge transformation Ward 
identities, and find their corresponding D-brane couplings at order a'"^ |61] . 

One may use these Ward identities to find the connections between the S-matrix ele- 
ments of one RR ra-form in the (—3/2, — l/2)-picture and I massless NSNS vertex operators 
in (0, 0)-picture on the world volume of a Dp-brane. The amplitudes are again proportional 
to the trace factor flTBl) in which m = 0, 2, ■ ■ ■ , 4/. The totally antisymmetric factor v4[c,^...q„] 
for m = 4/ has the momentum factor P2P2P3P3 ■ ■ -Pi+iPi+i- So the trace factor for m = 41 
is non-zero when the RR potential has at least / transverse indices which contract with 
P2P3 ■ ■ 'Pi+i- Then for n = p + 1 — 21, the trace is non-zero when all other indices of the 
RR potential contract with the world volume form. The T-dual multiplet corresponding to 
this term is 



where 2 is the number of the indices of the NSNS polarization tensors in Ai which carry 
the world volume indices. In the last component Ai_^_2i all indices of the NSNS polarization 
tensors are transverse indices. In this case there is no remnant T-dual multiplet because the 
remnant multiplet would have an extra factor of the momentum of one of the NSNS states 
which contract with the RR potential. When the RR {p+1 — 2/)-form has / — 1 transverse 
indices, there are two T-dual multiplets that are intertwined by the gauge invariance, when 
the RR {p+1 — 2/)-form has I — 2 transverse indices, there are three T-dual multiplets that 
are intertwined by the gauge invariance, and so on. 

The first components of the T-dual multiplets that we have studied in this paper are 
in terms of the RR potential with specific indices. This makes all the other components 
to be in terms of the appropriate RR potentials. The multiplets are proportional to the 
RR momenta which is a necessary condition for satisfying the Ward identity associated 
with the RR gauge transformations. The multiplet f[T^ can be combined with some terms 
of the multiplet A to become invariant under the RR gauge transformations. All other 
terms in the multiplet A (l35l) would be combined with the T-dual multiplets corresponding 
to the RR {p — 3)-form with no transverse index to become invariant. Alternatively, one 
may rewrite the first component of a multiplet in terms of the RR field strength, i.e., the 
combination of the last terms in the second, the third and the fourth lines of (l2Up . and 
the amplitude ([3]) can be written in terms of the RR field strength (F/^~^^)jj""' '"''. The 



Ai Ai+i > Ai+2^ 



(63) 
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other non-zero amplitudes for the RR field strengths [F^^ '^)-^.a4---ap ^jpip '^)y3---ap j-^g^yg 
been found in [H]. Then one imposes the method we have advertised in this paper to 
find all other components in terms of the RR field strength. This latter method has the 
advantage that the Ward identity corresponding to the RR gauge transformations satisfies 
automatically. In particular, this makes the calculations toward finding the remnant T-dual 
multiplets to be easier. 

We have found connections between S-matrix elements by imposing the T-dual Ward 
identity on a given S-matrix element. One may find other connections by imposing the 
S-dual Ward identity [HI IHl [15]. Since the Ds-brane is invariant under the S-duality, the 
S-matrix elements on its world volume can be written in manifestly S-dual invariant form. 
In this way, one can find new connections between some S-matrix elements. For example 
consider the amplitude (fT2!) for p = 3. Using the fact that the graviton and the RR four- 
form are invariant under the S-duality, one finds that the last terms in this amplitude is 
invariant. However, the 5-field and the RR two- form transform as doublet under the S- 
duality. As a result, the first term in this amplitude can be extended to invariant form by 
adding to it the following S-matrix element of three RR states: 

A4(C(^) ~ T,e'^'^{e't%kieao---a,pTPTP2PMY{^^^^^^ +(2^3) 

(2) (2) 

where now the tensors 62 and are the RR two-form polarizations. One may then use the 
T-dual ward identity to find the T-dual multiplet corresponding to the above amplitude. 
It would be interesting to find such S-matrix elements which are connected to the T- 
dual multiplets that we have found in this paper and compare the results with explicit 
calculations. 
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